We present non-critical Bianchi type I string cosmology solutions in the presence of central charge deficit term Λ. The leading order string frame curvature appears to be in the high curvature limit Rα ′ 1, which underlines the necessity of including higher order α ′ -corrections. We give new solutions of two-loop (first order α ′ ) β-function equations of σ-model with non-zero Λ and dilaton field in both cases of absence and presence of spatially homogeneous H-field (H = dB). Also, the evolution of solutions is studied in the Einstein frame, where the string effective action can transform to Gauss-Bonnet gravity model coupled to dilaton field with potential. We study explicit examples in first order α ′ with chosen values of appeared constants in the solutions and discuss the cosmological implications.
I. INTRODUCTION
In σ-model context, the conformal invariance is provided by vanishing β-functions [1] , which are equivalent to the equations of motion of effective action in string frame [2] . The low energy string effective action, being compatible with the conformal invariance in one-loop order, has wide cosmological implication for describing the evolution of early universe with a very low curvature and string coupling, g = e −φ [3] [4] [5] . In two-loop order of β-functions, the string effective action is modified by including the α ′ -corrections of quadratic curvature type α ′ R 2 , where the α ′ is square of string-length, α ′ = λ 2 s /2π [2, 6] . The expanded leading order effective action is widely believed to regularize the curvature singularity [7] . The two-loop β-functions, possible α ′ -corrected string effective actions and on-shell compatibility of the α ′ -corrected effective action equations of motion with the two-loop conformal invariance condition have been investigated in [2] . A renormalization scheme (RS) dependence appears in the B-field dependent terms of two-loop β-functions and consequently in the α ′ -corrected effective actions, where the two schemes of Gauss-Bonnet and R 2 have been considered distinctly in [2] . Furthermore, the S-matrix is invariant under a set of field redefinitions [8] , which allows to transform between RS and leads to a physically equivalent class of effective actions [9] .
Generally, two kinds of corrections can be included in string effective action, the stingy type α ′ -expansion and the quantum nature loop expansion in string coupling [5] . The α ′ -corrections are significant when the curvature is in the high limit Rα ′ 1, while the loop corrections * f.naderi@azaruniv.ac.ir † rezaei-a@azaruniv.ac.ir ‡ f.darabi@azaruniv.ac.ir become important in the case of strong string coupling g s > 1. As long as the coupling is sufficiently weak in the high curvature regime, the α ′ -corrections are enough to be taken into account and the loop corrections can be neglected [5] .
Solutions of one-loop β-function equations with contribution of dilaton field and antisymmetric B-field have been presented for several cosmological backgrounds such as homogeneous anisotropic space-times [10] [11] [12] [13] [14] and inhomogeneous models [15] . According to [12] , the contribution of field strength tensor H = dB in all Bianchi type models with diagonal metrics can be classified into three classes of χ(→), χ(↑) and χ(ր), where the χ is all possible Bianchi types and the arrows indicates the orientation of H * , the dual of H with respect to the 3D hypersurface of homogeneity Σ 3 sections. In aforementioned works, the central charge deficit term Λ has been considered to be zero. In D-dimensions, Λ is proportional to D − 26 in bosonic string theory and D − 10 in superstring theory and provides a term in the effective action analogous to the non-vanishing cosmological constant term [16] . Solutions with non-zero Λ, called non-critical string cosmology, have been obtained in the lowest order β-function equations [16] [17] [18] .
Moreover, neglecting the Λ term, the solutions of two-loop β-function equations have been presented in some works, such as on the Kasner and Schwarzschild background with setting H-field to zero [19] , and on anisotropic homogeneous backgrounds with the contribution of H-field [20] . Alternatively, the α ′ -corrected field equations of effective action in Einstein frame have been solved in several classes of backgrounds such as Mtheory, black hole, and cosmology with no contribution of H-field [21] [22] [23] [24] [25] [26] [27] [28] [29] . Also, the solutions in the presence of H-field have been investigated for instance on FRW and GHS black hole backgrounds with zero Λ in [27, 28] , and on Godel space-time with contribution of Λ in [29] .
Especially, attempts to find accelerated expanding universes in the context of higher-dimensional superstring and M -theory led the people to consider the extended gravitational actions, since, in the low energy limit of their effective field theory, where the gravitational action is given only by Einstein-Hilbert action, the accelerated expanding solutions are not allowed with a timeindependent internal space [30] . In these theories, inflation is expected to occur at Planck scale of ten or eleven dimensions, and in such a high energy scale the higher order corrections are required to be taken into account, at least in the early times. In this sense, accelerated solutions have been found in higher order corrected high dimensional string and M -theory in the absence of Hfield, for example, in [31] [32] [33] [34] [35] , with an especial attention to the de-sitter like and power-law expanding solutions.
In this work, aimed at presenting a non-critical 4-dimensional two-loop string cosmology, we study the solutions of two-loop β-function equations on anisotropic Bianchi type I space-time with non-zero Λ and dilaton field in two cases of the presence and absence of H-field. As we will show, the leading order solutions have string frame curvature in the high limit Rα ′ 1, where the higher order α ′ -corrections become significant. We will limit our calculations to the first order in α ′ , where the corrections of quadratic curvature types are included in the effective action. Concerning only this order of corrections, the regularizing effects of α ′ -corrections are already known [5, 21, 25, 27] , where the higher order corrections usually act to correct the lower order solutions order by order. We can, therefore, hope to provide a glimpse of the feature that could be obtained considering all orders in α ′ . Similar to what we have done in [20] for classifying and solving the two-loop β-function on all Bianchi type models with Λ = 0 and H-field in χ(↑) class, a perturbative series expansion in α ′ is implemented on background field and the general forms of equations and solutions are presented. Also, we consider the field equations in Einstein frame by obtaining the contribution of H-field in α ′ order of energy-momentum tensor to investigate the cosmological implications of the α ′ -corrected solutions. The paper is organized as follows. In section II, the general forms of two-loop β-functions considering the two RS of Gauss-Bonnet and R 2 are recalled. Also, the field equations of the Gauss-Bonnet scheme in the Einstein frame is presented. In section III, the two-loop β-functions with non-zero Λ are solved on Bianchi type I background in two cases of vanishing and non-vanishing H-field. Then, the behavior of solutions is investigated in the Einstein frame in section IV. Finally, the main results are summarized in section V.
II. TWO-LOOP (ORDER
In a σ-model with background fields of metric g, dilaton field φ, and antisymmetric B-field, the two-loop β-function of metric is given by [2] . The f parameter indicates the RS dependence in β-functions. Especially, the corresponding schemes to f = 1 and f = −1, called R 2 and Gauss-Bonnet schemes, have been pointed in [2] . Solutions of various RS β-function equations are different, but still equivalent because of their belonging to various definitions of physical metric, dilaton field, and B-field. The β-functions of B-field in mentioned RS are given by [2] 
which can be obtained by variation of the following string effective action with respect to the dilaton field
The Λ term is related to the central charge deficit of theory and in non-critical D-dimensional bosonic theory is given by [16, 17] 
The effective action (5) has been written in string frame and its variations with respect to the background fields give the β-functions. Also, there is another frame, namely the Einstein frame which its metric,g µν , is related to the string frame metric, g µν , in 4-dimensional space-time byg µν = e φ g µν .
Actually, the g µν is the metric seen by the string and describes physics from the string viewpoint. However, it is not convenient to understand the gravitational phenomena due to the dilaton field dependent coefficient of Ricci scalar in (5) . Transforming to Einstein frame by performing the conformal transformation (7) eliminates the dilaton field dependent factor. This frame is appropriate for comparison with the string S-matrix. Actually, computing the α ′ -corrected string effective action can be studied either in the σ-model and its β-functions approach or from the tree-level S-matrix. However, it is worth noting that to a given order α ′ an intrinsic ambiguity remains in the string effective actions. Since the S-matrix is invariant under a set of field redefinitions of type [8] 
there is a field redefinition ambiguity and a class of physically equivalent effective actions parametrized by 8 essential coefficients [37] . Choosing a particular set of field variables corresponds to a particular RS choice. Aimed at calculating a set of these coefficients, the Gauss-Bonnet scheme has been used which gives the following effective action for the bosonic string in 4 dimensions [2]
in which∇ indicates the covariant derivative with respect tog. The Λ, which is positive in D = 4, appeared in a way reminding a negative cosmological constant in standard theory of gravity but along with a weight factor e −φ . Using the field redefinitions, the Gauss-Bonnet combinationR
2 in the effective action can be replaced by the square of the Riemann tensor at the price of appearing a dilaton-dependent α ′ -correction [2, 6] .
The equivalence of two-loop β-functions and equations of motion of α ′ -corrected effective action can be established by using the field redefinitions and the lowest order equations of motion [2] . Physical quantities are not affected by the field redefinitions [28] , and appropriate using of them and the leading order equations of motions allows to transform between the RSs [2, 8] . Hence, where the higher order corrected field equations of effective actions are considered in the string theory context, the field redefinitions can be applied conveniently to reach the simplest effective action. In this sense, the Gauss-Bonnet effective action usually holds attention which is free of ghost and terms with higher than the second derivative in its field equations. Considering the effective action (8), the variation over the Einstein frame metric metric,g µν , givesR
where the effective energy-momentum tensor is defined as follows
in which the energy-momentum tensors of dilaton field and B-field in the leading order are given by (12) and in the α ′ order, the Gauss-Bonnet term gives [38]
Also, we obtain the following energy-momentum tensor for the B-field dependent α ′ -correction terms
The T GB µν in (13) has been written in its most general case. Indeed, the Gauss-Bonnet term is a total derivative in 4-dimensions and the terms without derivatives of dilaton in T GB µν cancel each other and vanish automatically [38] .
In this section, we are going to solve the two-loop β-functions in the presence of central charge deficit Λ on Bianchi-type I space-time with a similar method by which we have calculated the solutions of two-loop β-functions on homogeneous space-times in [20] . The solutions give the string frame metric g µν , dilaton field, and B-field, where the corresponding Einstein frame solutions can be obtained using the conformal transformation (7) . Maintaining the provided convention by β-function solutions, the field redefinitions of [8] will not be applied.
Considering the anisotropic Bianchi-type I metric as string frame metric
where a i are the string frame scale factors, we have
The dot symbol stands for derivation with respect to t and the H i are the Hubble coefficients of string frame defined by
The solutions of β-function equations will be investigated in two cases of absence and presence of H-field. Since the considered metric is spatially homogeneous, the dilaton field can be only a function of time.
A. Solutions with vanishing H-field
Without contribution of H-field, the (i, i) and timetime components of metric β-function (1) and the β-function of dilaton (4) with using relations (16) reduce the following coupled differential equationṡ
where the auxiliary K functions have been introduced for the shorthanded writing of equations and are given as follows
Now, adding the summed over i of (17) and (18) to (19) leads to the following equation
Also, subtracting the summed over i of (17) from the sum of equations (18) and (21) gives the initial value equation as followṡ
We are going to solve the set of equations of (17) and (21) subject to the initial value equation (22) along with implementing the following perturbative series expansion on the background fields up to the first order of α
and applying a time redefinition which introduces the new time coordinate τ as follows [11] 
where a 3 = a 1 a 2 a 3 . Accordingly, the equations of (17) and (21) recast the following equations in the zeroth order of α
where a 3 0 = a 10 a 20 a 30 . Also, in the first order of α ′ we get
where the prime stands for derivations with respect to τ and theK terms are the rewritten versions of K terms in the new time coordinate, multiplied with a a 6 e 2φ factor. Also, the initial value equation (22) 
Solution of (27) and (28) gives the zeroth order of scale factors and dilaton field as follows
where L i , q i , n are integrating constants. Accordingly, the leading order string frame Ricci scalar and kinetic of dilaton field are given by
which are growing function of time. The dependence of R andφ 2 0 on Λ, which implies that the curvature and dilaton field kinetic are comparable with inverse of α ′ [40], demonstrates the necessity of including the higher orders of α ′ -corrections. In this work, we focus on studding the effects of first order of α ′ -corrections. Demanding only the first order α ′ -corrections in the solutions of metric, dilaton field and H-field, only the zeroth order α ′ terms ofK will be considered. Hence, substituting the (32) and (33) into the rewritten versions of (20) in τ coordinate gives the explicit forms ofK. Now, the solutions of (29) and (30) give the general forms of α ′ -corrections of scale factor and dilaton field as follows
in which g(τ ) is given by
and the l i , r i , ϕ 0 , Q 1 , and Q 2 are are constants of integration. After some calculations with using Taylor series expansions up to the first order of α ′ , it turns out that these constants have the following roles
• r i is a proper scaling in x i direction,
• ϕ 0 describes a constant shift in dilaton.
Substituting these solutions into the initial value equation (31) gives
Actually, the n 2 − q 2 i term is the initial condition on the constants, which appears in the one-loop β-function solutions. However, here we are not allowed to set it to zero because the right side of this equation does not vanish. A comparison between two sides of this equation proposes the following initial condition on arbitrary constants
and the remaining terms in the right hand of (39) fixes the correction of laps function, ξ 4 . In the α ′ → 0 limit, the zeroth order initial condition can be recovered from (40). Arising the α ′ Q 2 term in the constraint would not be disappointing because, as we have mentioned before, Q 2 can be related to an infinitesimal change in n which acts as n 2 → n 2 (1−2α ′ Q 2 ) up to first order of α ′ . Noting the relation between β-function equations and Einstein equations, this initial condition may be regarded as a Hamiltonian constraint which has been corrected in first order α ′ . The explicit forms of α ′ -corrections of metric and dilaton after calculating the integrals in (36), (37) and (39) are presented in appendix A.
B. Solution with non-vanishing H-field of a spatially homogeneous (time-dependent) B-field
As mentioned before, the forms of H-field can be classified based on the orientation of its dual, H * , with respect to the 3D hypersurface of homogeneity Σ 3 sections. Accordingly, the three classes of →, ↑ and ր denoting the spatial, time, and time-spatial orientations of H * have been introduced, respectively, by [12] 
With Λ = 0, the solution of one-loop β-function equations have been investigated on Bianchi type models for ↑, → and ր in classes, respectively in [10] [11] [12] .
With a non-vanishing Λ, we have found no explicit solution for the leading order of β-functions equations in the ↑ and ր classes. Therefore, we keep going with the → class with the metric (15) in such a way that, considering a B-field which is a function of time, the H 0ij components of H-field are allowed to be non-zero [41] . On the other hand, the leading order β-function equations with metric (15) make the off-diagonal components of H 2 µν vanish. This means that only one of the H 0ij may be non-zero. Here, there is no preferred direction and we consider the following 3-form of field strength H for simplicity [10] 
Then, the β-function equations (1)- (4), using (16), recast the following formṡ
where the K terms are the same as given in (20) and the V terms, which stand for the H-field dependent terms, are given as follows
Similar to what we have done to obtain the equation (21), adding (42)- (44) to (46) gives the following equation
Furthermore, adding (54) to (44) and subtracting the (42)- (43) from it give the initial value equation as followṡ
Now, we are going to solve the equations (42)- (43), (45) and (54) subject to the initial value equation (55). Again, the equations will be rewritten in the new time coordinate (26) with applying the given series expansion in α ′ (23)- (25) . Also, we will conveniently set
and take the α ′ expansion of η as
Then, in τ coordinate, the equations of (42)- (43), (45), and (54) lead to the following equations in the zeroth order of α
(ln a 30 )
The solutions of above equations are found as follows
where q, L 2 , L 3 , b, p, m, and n are constant. Obviously, the H-field in this class brings about an inevitable anisotropy in the solutions. Compared to the leading order solutions in the absence of Λ given in [10] , only the dilaton field has been modified by the third term in (64). Based on these solutions, the leading order string frame Rici scalar and kinetic terms of dilaton field and B-field, with m = n for example, are given by
Evidently, the string frame Ricci scalar is increasing and starts from the high curvature limit Rα ′ 1. Also, the kinetic terms are comparable with the inverse of α ′ . Note that the R andφ 0 2 keep growing and may dominate the dynamical effect of the H-field at late τ . The high curvature and kinetic terms point out the necessity of considering the α ′ -corrections. We include the first order α ′ -corrections, noting that the solutions are valid as long as the string coupling is weak.
In the first order of α ′ by employing the zeroth order equations (58)-(61), the equations of (42)- (43), (45) and (54) read
where theK andV terms are the corresponding terms of (20) and (48)- (53) rewritten in the new τ coordinate, multiplied with a 6 e 2φ factor. Also, the ρ term in (71) has been defined as
In the same way, the initial value equation (55) recasts the following form
Again, because we are interested in the first order α ′ -corrections in the solutions of metric, dilaton field and H-field, only the zeroth order α ′ terms ofK andV will be considered, which depend on a i0 , φ 0 and η 0 . Hence, substituting the (62)-(64) into the rewritten versions of (20) and (48)- (53) in τ coordinate gives the explicit forms ofK andV . Then, solving the equations of (68)- (71) gives the general forms of α ′ -corrections of scale factors ξ i , laps function ξ 4 , H-field η 1 , and dilaton field φ 1 as follows
where g 1 , and g φ are given by
and c 1 , c 2 , r i , and ϕ 0 are integrating constants. A closer look with using Taylor series expansion reveals that up to first order of α
• c 2 acts as an infinitesimal change in n, n → n(1 − 2α ′ c 2 ),
• ϕ 0 is an infinitesimal shift in dilaton,
• r i is a proper scaling in x i direction.
For calculating the integrals of (78) it is convenient to set m = n, where as given in appendix B, the φ 1 and g φ take the forms of (B1) and (B2). Then, similar to what has been done in the previous subsection, substituting the above solutions into the initial value equation (73) gives
Again, we have a similar situation as discussed in the absence of H-field case in (39) and this equation leads to the following condition on the arbitrary constants
In α ′ → 0 limit, the initial condition of n 2 −2 p 2 −4 q 2 = 0 which appears in the solutions of one-loop β-functions can be recovered. But in two-loop order, this condition has been modified by a term in the order α ′ and n 2 −2 p 2 − 4 q 2 = 0 is required for consistency in the solution of (81). Then, the remaining terms in (81) fix the correction of lapse function, ξ 4 . Now, calculating the integrals in (74)- (78) give the explicit forms of first α ′ -correction of scale factors, dilaton field and H-field. Because of dense mathematical results, the final forms of ξ i , ξ 4 , φ 1 and η 1 in two RS of GaussBonnet and R 2 are presented in Appendix B.
IV. THE EINSTEIN FRAME REPRESENTATION
Having solved the two-loop β-function equations in two cases of vanishing H-field and presence of a timedependent H-field in section III, we return to Einstein frame field equations (9) in order to study the cosmological implications of the α ′ -corrected solutions. As mentioned in section II, in the α ′ order of effective actions there is a field redefinition ambiguity and a class of equivalent effective actions corresponding to the same S-matrix. The cosmological effects of the field redefinition have been studied with constant dilaton in [34] , and with a time-dependent dilaton in [35] , where a generalized effective action obtained by the field redefinitions has been investigated. However, here we consider the Gauss-Bonnet effective action (8) . In Einstein frame, regarding T µ µ = (−ρ, P 1 , P 2 , P 3 ), the non-zero components of energy-momentum tensors (11)- (14) give the effective energy density and pressures based on (10). The Einstein frame metric, which is related to the string frame metric by the conformal transformation (7), is considered as follows
whereã i are the Einstein frame scale factors related to the string frame ones byã
i , in such a way that up to the first order of α ′ we havẽ
Also, the time element in (83) has been defined using the following relation
In the previous section, we found the solutions in terms of the time coordinate τ which, using (26) , has the following relation with the cosmic-timet
The integrating of above expression and transforming from τ tot are not straightforward in the solutions; hence, for investigating the behavior of solutions, the time derivatives in physical quantities in Einstein frame will be rewritten in terms of τ -derivatives such as followṡ
Here and hereafter, the dot symbol stands for derivation with respect tot. Also, the second derivative of averaged scale factor up to first order of α ′ is given bÿ
In the equation (86), if the coefficient term of dτ is positive,t will be an increasing function of τ and then dτ > 0 if and only if dt > 0. In this sense, the early and late behaviors of solutions can be investigated in τ → 0 and τ → ∞ limits. The solutions of β-function equations for metric, dilaton field and B-field contain integrating constants which are allowed to be any real number provided that some of them satisfy the initial conditions of (40) in vanishing H-field case and (82) in the presence of H-field. It turns out that the appeared constants in the zeroth order solutions effect the general behavior of solutions while the constants of first α ′ -corrections influence the early time behavior. As a matter of fact that it is not convenient to predict the cosmological behavior of solutions without selecting some values for these constants, we are going to investigate the features of obtained solutions with some chosen set of arbitrary constants. In this regard, besides the β-functions prescribed initial conditions of (40) and (82), the other conditions that can be demanded from the cosmological point of view to be imposed on the obtained solutions are the positive sign of coefficient term of dτ in (86), satisfying the energy condition ρ (eff) > 0 and having no singularity corresponding to the vanishing of scale factors in future. Also, it should be noticed that the calculation of α ′ -corrections is trusted as long as the string coupling at tree-level of the string interaction is weak, i.e. g s ≪ 1. Hence, the reliable area of solutions may be affected by selected parameters.
A. The evolution with vanishing H-field
In the absence of H-field, the solutions of two-loop β-function equations were found in section III A. In Einstein frame, according to (11), we have the dilaton field and charge deficit term Λ contributions to the effective energy density and pressures up to first order of α ′ as follows
Also, the T (GB) µν (13) gives µν . The α ′ -corrected string frame scale factors, laps function, and dilaton field introduced in (23)- (25) have been found in the forms of (32), (33) and (A1)-(A3) in the absence of H-field. The leading order string coupling, in this case, is given by
Aiming at considering only the α ′ -corrections, the string coupling is required to be weak. In early τ it can be achieved by setting the L i constants at least of order √ α ′ . Then, with q i < 0 the weak string coupling condition is satisfied in all times with proper selecting of n, but with q i > 0 the g s may leave the weak coupling limit as time goes on. Here, we present two examples with isotropic and anisotropic parametrization. The appeared constants in the solutions are q i , n, l i , L i , Q 1 , and Q 2 where q i , n, and Q 2 have to satisfy the initial condition (40).
As an isotropic example we set
, r i = 0, Q 1 = 500, along with using the (40) condition for fixing Q 2 . Here, the string frame curvature is increasing which starts in Rα ′ 1 limit and the string coupling is weak and decreasing. These imply that the α ′ -corrected solutions are valid and important even in late times and the string loop correction can be ignored. This example has positive but decreasingȧ and a. Effectively, the energy density is decreasing and pressure is negative and increasing. Also, the strong energy condition is violated by ρ (eff) + 3 P (eff) < 0, where the null energy condition ρ (eff) + P (eff) ≥ 0 is satisfied except in a short range of time near τ = 0. Hence, this example describes an accelerated expanding universe with avoidance of initial singularity related to violation of strong energy condition. The phantom phase, which by definition satisfies the P (eff) < −ρ (eff) with the equation of state parameter w less than −1, is transient in early time.
Having found no compatible example with q i < 0 in anisotropic case with preserving the signature of metric (83) and the energy condition of ρ (eff) > 0, we set q 1 = 1.1, q 2 = 1.5, q 3 = 2, n = 2.4, l i = 1, r i = 0, and
The Q 2 is fixed by initial condition (40). This example gives positive and increasingȧ i ,ä i andä defined in (87), (88) and (89). Furthermore, the P (eff) i are negative with violating the strong and null energy conditions. It is worth mentioning that as time goes on in this parametrization, accompanied by the unbounded growth of curvature which has started in Rα ′ 1 limit, the string coupling g s keeps growing until leaving the weak coupling limit. Reaching the strongly coupled high curvature phase signals the entering of the system into the full M-theory regime [43, 44] . Nevertheless, this given solution is valid as long as the g s is sufficiently weak in early τ and describes an accelerated expansion in all directions with avoidance of initial singularity and behaves as phantom with w i < −1. Existence of the w < 1 region opens up the possibility of occurring the so-called Bigrip singularity which has been classified in four classes [45] [46] [47] [48] . Noting the scale factors and dilaton field given by (32) , (33) and (A1)-(A3), no finite time singularity appears in the scale factors, derivatives of Hubble parameters, dilaton field (and their derivatives) and consequently, according to (90)-(95), in the pressures and energy density. Exhibiting no sudden future time divergence by these quantities, which is also verified by their plots, implies that none of the four types of Big-Rip singularity occurs.
B. The evolution with the non-vanishing H-field
Considering a spatially homogeneous time-dependent B-field with the field strength tensor of type (41), the solutions of two-loop β-function equations have been found in section III B. A usual effect of this type of H-field is an anisotropic evolution in spatial directions. Also, the contribution of B-field brings up a RS dependence on the two-loop order β-function equations, and consequently in their solutions. We have considered two special RS of R 2 and Gauss-Bonnet corresponding to the RS parameters of f = 1 and f = −1, respectively. In Gauss-Bonnet scheme, with the H-field of form (41), the components of energy-momentum tensors (12) and (14) recast the following forms
The contributions of dilaton field and Gauss-Bonnet term in the effective energy-momentum tensor are the same as given by (90) In section III B, the solutions of two-loop β-function equations gave the α ′ -corrected string frame scale factors, laps function, dilaton field, and H-field of (23)- (25) and (57) in the forms of (62)- (64) and (74)- (78), where the final forms of correction terms after performing the integrals are presented in appendix B through (B3)-(B12). Regarding the obtained scale factors, it turns out that the anisotropy is inevitable with the H-field in this considered class. Here, we are going to investigate the behavior of solutions by choosing some values for arbitrary constants in two RS and study the feature of energy-momentum tensor components of Gauss-Bonnet scheme. The appeared constants in the solutions are q, p, n, b, c 1 , c 2 , r i , and L 3 where the p, q, n, and c 2 must satisfy the initial condition (82).
According to (64), the leading order string coupling is given by
Its value in the origin of τ can be set to be sufficiently small, for instance by letting the L 3 and b −1 constants to be in order √ α ′ . The behavior of g s depends on the sign of p, in such a way that with p ≤ 0 the weak coupling condition is always satisfied, but with p > 0 it increases going forward in time and may leave the weak coupling limit.
In the R 2 scheme, as an example the set of q = 3,
, r i = 0 can be chosen. Investigatingȧ i shows that this example is expanding in all direction in early times, then turns to Kasner-type expanding, i.e. expanding in two directions and contracting in one direction withȧ 1 < 0, followed by an expanding in all directions phase. Moreover, the behaviorä i are as follows:ä 1 is negative in early times and then turns to be positive, theä 2 is positive forever and theä 3 has similar behavior to the first direction but leaves the negative phase earlier [49] . Also, the first and second derivative of averaged scale factor (89) is positive which shows that the expansion is accelerated.
In the Gauss-Bonnet scheme, for example the parametrization of q = 1, p = 3.15, n = 5, L 3 = √ α ′ , b −1 = √ α ′ , ϕ 0 = 300, r 3 = 350, c 1 = r 2 = r 2 = 0, with using (73) to fix c 2 , is capable of preserving ρ (eff) > 0, preventing the vanishing of scale factors and making the coefficient of dτ in (86) to be positive. This example starts expanding in all directions and then becomes contracting in first and third directions, where theȧ 1 leaves the negative area earlier thanȧ 3 , and then becomes FRW type expansion along all directions. In addition, investigating the behavior ofä i (88) shows thatä 1 andä 2 are negative at first and then become positive and keep increasing, butä 3 is negative and decreasing. Also, the averaged scale factor hasä > 0, which implies that the evolution of model is accelerated. Furthermore, P is negative and decreasing. Effectively, the strong energy condition ρ (eff) + P (eff) i > 0 is violated and hence the initial singularity is avoided. Also, the null energy condition is violated in the third direction so the time-dependent equation of state parameter in the third direction is w 3 < −1. However, investigating theã i ,Ḣ i , ρ (eff) and P (eff) shows that there is no evidence of Big-Rip singularity occurrence corresponding to a sudden divergence in these quantities. It is worth mentioning that the g s , starting in the weak coupling limit in early time, evolves toward the strong coupling because the p is positive here. Hence, as a matter of fact that curvature and g s show unbounded growth, the calculation of α ′ -corrections is no longer valid in τ > p
), when the condition of g s ≪ 1 is violated and universe enters the non-perturbative regime of the M-theory.
V. CONCLUSION
The higher-derivative corrections are introduced to the string effective action when the equivalence between field equations and higher loop σ-model β-functions is considered. Aimed at presenting non-critical Bianchi type I string cosmology solutions, we have solved the β-function equations in the presence of central charge deficit term Λ. Being of order α ′−1 , the Λ term resulted in the leading order string curvature in the high curvature limit of Rα ′ 1, which requires the considering of higher order β-function equations and consequently including the α ′ -corrections in the effective action. The other type of effective action modification, i.e. the stringy loop corrections, have been assumed to be negligible which is reliable where the leading order sting coupling is weak, i.e. g s ≪ 1.
Considering the two-loop (order α ′ ) β-function equations with Λ = 0 in two cases of vanishing and nonvanishing H-field, we have calculated their solutions implementing a perturbation series expansion up to first order of α ′ on the background fields. The solutions provided α ′ -corrected string frame metric, dilaton field and H-field. Then, in order to study the cosmological implications of solutions, the corresponding solutions in Einstein frame have been obtained by performing a conformal transformation on the metric. Also, the Einstein frame effective action has been considered to include the Gauss-Bonnet term coupled to the dilaton field, because from string theory point of view the Gauss-Bonnet combination is indistinguishable from the other quadratic curvature corrections. In this sense, the effective energymomentum tensor in the Einstein frame field equations contains the contributions of Gauss-Bonnet term, dilaton, Λ, and H-field.
For investigating the detailed behaviors of the α ′ -corrected background field solutions and the effective energy density and pressures, we have considered some set of values for the appeared arbitrary constants in the solutions. These constants are allowed to be any real number provided that some of them satisfy the initial condition. Particularly, preserving the energy condition ρ (eff) > 0 and avoiding the singularity in metric caused by vanishing scale factors have been demanded in selecting the constants. Without the contribution of H-field the solutions are not necessarily anisotropic and two examples with choosing isotropic and anisotropic parametrization were discussed. In the isotropic case, an example describing accelerated expanding universe with a transient phantom phase in early time was presented. In the offered anisotropic example, dilaton field starts from weak coupling in early time and evolves to strong coupling regime as time goes on. Hence, the calculation of α ′ -corrections is valid only in sufficiently small times with g s ≪ 1, where the given example describes an accelerated expansion which crosses the phantom phase w i < −1 with violating the null energy condition in all directions. In addition, in the presence of time-dependent H-field whose H 012 component was considered to be non-zero, the solutions appeared to be inevitably anisotropic. In this case, the presented example with the chosen set of constants describes an accelerating model evolving from a Kasner-type phase to FRW-type expansion in all directions along with violating the null energy condition in the third direction. Its valid cosmological era is limited to early times by growing of the g s .
It is worth mentioning that the conformal invariance condition prescribes including the whole α ′ -correction series.
Especially, working at high curvature limit, all higher orders of α ′ -corrections certainly become important. Nevertheless, aimed at finding a pattern given by including the corrections, we restricted our discussion to the first order α ′ (two-loop) β-function equations as the solutions of first order α ′ -corrected string effective action at the zeroth order in the string coupling. Even in the first order, the corrections have been capable of i) excluding the initial singularity in the regime of violation of strong energy condition, and ii) describing the accelerated expansion of the universe. However, as time passes, the validity of examples may be restricted by growing of the string coupling and passing the weak coupling limit. Also, in the trustable area, the phantom phase may appear where the w becomes less than −1; but there is no Big-Rip which is indicated by the finite future time divergence in scale factors, energy density, pressures or time derivative of Einstein frame Hubble parameters [45, 46] .
The Gauss-Bonnet model coupled to a dynamical scalar field with a non-negative potential on FRW spacetimes has long been known to have non-singular cosmological solutions by allowing the violations of both the null and the strong energy conditions [26] . Recently, the dark energy scenario has been investigated in this model, where phantom phases have been predicted [38] . The Λ term in Einstein frame effective action (8) takes the form of a potential of type V (φ) = V 0 e −φ , where the V 0 is assigned to be negative in D < 26 dimensional string theory. The vanishing H-field case presented in III A and IV A sections, which is described by the similar effective action to that of Einstein-scalar-Gauss-Bonnet model [38] but with a negative potential, possesses w < −1 phase in the investigated α ′ -corrected solutions; but the described universe does not seem to reach a Big-Rip singularity. Also, it has been shown in [50, 51] that bouncing solutions, which have a connecting phase between a contraction and an expansion period, are not allowed in the isotropic flat FRW universe in Einstein-scalar-GaussBonnet model. The presented examples in section IV A show the similar feature in both isotropic and anisotropic cases, as they have no contraction phase and hence no possibility of appearing a bounce phase.
The evolution with a non-vanishing homogeneous Hfield with H 012 = 0 has been studied in the low curvature phase in [52, 53] and in the high curvature phase including the α ′ -corrections in [27] , where the potential of the dilaton field or equivalently the Λ term has been neglected, assuming the domination of the kinetic terms. However, this assumption made the valid cosmological era of the results to be limited. We have seen that, particularly in the early τ , the Λ is significant and cannot be ignored because none of the R, H 2 orφ 2 overcome the Λ. However, in late τ the curvature and kinetic term of dilaton field may dominate where the dynamical effect of the H-field becomes negligible.
Furthermore, the presented example with nonvanishing H-field in section IV B has no bounce phase in R 2 scheme, but in Gauss-Bonnet schemeH crosses zero withḢ > 0. Hence, appearing of the bouncing solutions in string inspired Einstein-scalar-Gauss-Bonnet with Bfield contribution in the leading and first correction orders seems to be allowed but sensitive to the chosen RS.
Appendix A
In this appendix the explicit forms of the first α ′ -corrections of metric and dilaton field, introduced in (23)- (25) , are presented. After performing the integrals in (36), (37), and (39) with using the (32) and (33) solutions, we obtain 
where the l i and ϕ 0 are integrating constants and then from (39) we have in which g φ is simply given by
In the following the explicit forms of the first α ′ -corrections of metric, dilaton field and H-field in (23)- (25) and (57) are presented for the case of contribution of H-field in → class, considered in section III B. After performing the integrals of (74)-(78) and for the RS of R 2 , f = 1, and Gauss-Bonnet, f = −1, with m = n we obtain 
